Example

The nonlinear system

3x1 — cos(xpxs) — = = 0,

x; — 81(x; + 0.1)* + sinx3 + 1.06 = 0,

o 107 — 3
e 24 20x3 + ~ =0

.

was solved in the previous example by the fixed point method. The
approximate solution was obtained as (0.5.0, —0.52359877)". Apply

Newton’s method with x© = (0.1,0.1. —0.1)".

Solution Define

F(xi.x0.x3) = (fi(x1.x2.X3). fo(x1.X0.%3). f3(x1.%2.%3))",



where

I
f1(x1.x2.x3) = 3x1 — cos(xpx3) — >

fr(x1.x2.x3) = x7 — 81(x2 4+ 0.1)% + sinxz + 1.06.
1

and

10T — 3

fi(x1.x2.x3) =€ 12 4+ 2003 +

The Jacobian matrix J(x) for this system is

-

3 X3 SIN X72X3 X2 SIN X2X3
J(x1.x0.x3) = 2xq —162(x; + 0.1) COS X3
—Xye 1142 —xye 12 20

Let x = (0.1,0.1, —0.1)".



Then F(x'?) = (—0.199995, —2.269833417,8.462025346)" and

3 9.999833334 x 10™* 9.999833334 x 10~
J(x?) = 0.2 —324 0.9950041653
| —0.09900498337  —0.09900498337 20 )
Solving the linear system, J(xm})}rm] = —F(xm}) gives
0.3998696728 | [ 0.4998696782
v =1 —0.08053315147 and x"" =x +y? =] 001946684853
| —0.4215204718 | —0.5215204718
Continuing for k = 2,3, ..., we have
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Thus, at the kth step, the linear system J (x“"”)y”"—” — _F (xfk—li)

must be solved. where

- 1 . (k=1) (k=1 k=1) . (k=1) (k—1)=
3 ng ”51[1.1'2 “.I;k ) I; ]51[1.1'5 }Ig )
_ k=1 (k=1 (k=1)
j(xm ”): lr% ) —11’:32(.1:E }—I—D.l) cmxg
. (k—1) _(k—=1) . k—1) _(k—1)
_—Ig: UE—xl X, —I%k ”g_'rl Xy 20 1
— (k—11—
v
(k-1 k—1
y&=b — [ =D
k—1
vy




and
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The results using this iterative procedure are shown in the below table,

k Iil“ Ié“ I;“ |I”“ y(k ””:L
0 0.1000000000 (0.1000000000 —0.1000000000

1 0.4998696728 0.0194668485 —0.5215204718 0.4215204718
2 0.5000142403 0.0015885914 —0.5235569638 1.788 x 102
3 0.5000000113 0.0000124448 —(.5235984500 1.576 x 10~
4 (0.5000000000 8.516 x 10~1¢ —0.5235987735 1.244 % 10
> (0.5000000000 —1.375 x 107" —0.5235987756 8.654 x 10717

This example illustrates that using a good 1initial guess, Newton’s method

converges faster rather than the fixed point method.



Quasi-Newton Methods

* Newton’s method is computationally expensive. Because, Jacobian
matrix, at each iteration, must be determined and also the linear system
that involves this matrix must be solved.

* In most situations, the exact evaluation of the partial derivatives in the
Jacobian matrix Is inconvenient. In these cases, finite difference

approximations cab be used,

ﬁ{x{f] —I—E;;."’I) . _jf:,-'{:?i“])
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where h 1s small in absolute value and ey, is the vector whose only nonzero

entry is a | in the kth coordinate.



 Quasi-Newton methods replace the Jacobian matrix in Newton’s
method with an approximation matrix that is easily updated at each
Iteration.

* In quasi-Newton methods number of computational operations rather
than Newton’s method is decreased. But, the convergence rate 1s also
degraded.

* Broyden’s method is a quasi-Newton method that reduces the amount
of computations at each step without significantly degrading the speed

of convergence.

Broyden’s Method
To describe Broyden’s method. suppose that an initial approximation x®

1s given to the solution p of F(x) = 0. We calculate the next approximation



x") in the same manner as Newton’s method. To compute x?, in one

dimensional case,

(1)
@ _ o _ T(X7)
X7 =X" == D
F'(x*")
We can use the approximation,

_ Jx1) — f(xo)

i) ~ ,
X1 — Xp

as a replacement for f'(x;) in the single-variable Newton’s method.
For nonlinear systems,

X(2) _ X(l) _J(X(l))—l F(X(l))
In similar fashion, we can replace 7 (x'"’) by a matrix A1 with the

property;,



Aj (E{IJ _ K{ﬂj) — F(xm) _F (!im])
Broyden proposed the following matrix,

A J’( f{}}) + [F(xfll) B F(xfﬂ}) — .f(xm,'l) (xm _ 3:“3”)] (Km _ x{gj)r
1 = J(X

2
[x(® —x© ||1
Using this matrix, we have

xfz} — X{IJ _Al—IF(xfl})

Once x'? has been determined, the method is repeated to determine x**,

using A in place of Ag = J (x@), and with x* and x‘" in place of x"

and x9.



In general, once x” has been determined, x“*! is computed by

yi —Ai_18;
Ai=Ai_ 1 +—————s! (10.13)
si]13
and
XD = xO _ ATTF (x?)
where

vi =F(x?) —F(x"")



Theorem
(Sherman-Morrison Formula)

Suppose that A 1s a nonsingular matrix and that x and y are vectors with
y'A~!x # —1. Then A + xy' is nonsingular and

A~ xy' A~

| +y'A-Ix

A+xy) =47 -
[]

The Sherman-Morrison formula permits Af_l to be computed directly from Ai__'].

elim inating the need for a matrix inversion with each iteration.

Letting A =A;,_1.x = (y; — Ai‘_]Sf}‘{'IHSE‘“%. and y = s;, in Eq. (10.13) gives

1
i — Ai—1Si
Ai_l = (Ag_] + Y 215 Si)
IIsill5
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Example

Use Broyden’s method with x¥ = (0.1,0.1,—0.1)" to approximate the

solution to the nonlinear system



]

3x; — cos(xrx3) — 5= 0

Xt —81(xa +0.1)* +sinx3+ 1.06 = 0

Cex 10m — 3
e "2 4+ 20xy + - =0
. iy
Solution
i 3 X3 SIN X2X3 X3 Sin x7x3 |
J(x1.x2.x3) = 2x —162(x2 4+ 0.1) COS X3
—Xxye 12 —xje 12 20

Let x¥ = (0.1.0.1, —0.1)" and
F(x1.x2,x3) = (fi(x1.Xx2,x3), fa(x1.x2,x3), f3(x1.x2.x3))’.

where

|
Ji(x1.x2,x3) = 3x; — cos(xpx3) — —,

2
Fr(x.x.x3) = xi — 81(x2 4 0.1)* + sinx3 + 1.06,
107 — 3

fa(x1.x2.x3) = € "2 4+ 20x3 +



Then

Because

F(x?) = | —2.269833 | .
8.462025

0) _(0) (0
Ag = J(J:;: ]..rg }.xg })

we have

¥ 2

3
0.2

| —9.900498 x 107

1 _ 0 _(0) (01
A —J(Il RS ERS )

So

0.3333332
2.108607 x 10~

| 1.660520 x 103

[ —1.199950 |

0.099833 x 10~
—324
—0.900498 x 1072

1.023852 x 10~
—3.086883 x 102
—1.527577 x 10—+

—0.909833 x 10~
0.9950042
20

1.615701 x 1072
1.535836 x 10— | .
5.000768 x 10—3_




xD = xO — A7 F(x@) =

F(x") =

vi = F(x")

S1

[ —3.394465 x 10~%]

| 3.188238 x 107% _

0.4998697

—0.5215205

—0.3443879

1.946685 x 10~2

[ 1.199611
—F(x'") = | 1.925445
| —8.430143 |
0.3998697

—8.053315 x 102
—0.4215204




siAg'y1 = 0.3424604

Al_1 = Aal + (1/0.3424604) [(51 _AE]HI)SJ;A[T]]

0.3333781 1.11050 x 10~°  8.967344 x 10~¢"
— | —2.021270 x 10~ —3.0048490 % 10~* 2.196906 x 10~
| 1022214 x 1077 —1.650709 x 10™* 5.010986 x 107
and
0.4999863
x? =xM —A7'F(xV) = | 8.737833 x 10~
| —0.5231746
k X Xy x5 Ix® —x*1
3 0.5000066 8.672157 x 10— —0.5236918 7.88 % 10—
4 0.5000003 6.083352 % 10— —(0.5235954 8.12 % 10~
5 0.5000000 —1.448889 % 10—° —0.5235989 6.24 % 107
6 0.5000000 6.059030 x 10~° —(.5235988 1.50 % 10°°




